We measure three-particle Bose-Einstein correlations in hadronic Z decay with the L3 detector at LEP. Genuine three-particle Bose-Einstein correlations are observed. By comparing two-and three-particle correlations we find that the data are consistent with fully incoherent pion production.
Introduction
So far, no theory exists which can describe the non-perturbative process of hadron production in general and Bose-Einstein (BE) effects in particular. The latter are expected from general spin statistics considerations. To help understand these phenomena, studies of identical-boson correlations in e + e − collisions at LEP have been performed in terms of the absolute fourmomentum difference Q [1] , as well as in two-and three-dimensional distributions in components of Q [2, 3] .
It has long been realized that the shape and size in space-time of a source of pions can be determined, as a consequence of the interference of identical bosons, from the shape and size of the correlation function of two identical pions in energy-momentum space [4] . Additional information can be derived from higher-order correlations. Furthermore, such correlations constitute an important theoretical issue for the understanding of Bose-Einstein correlations (BEC) [5] .
In this Letter three-particle correlations are analysed. These correlations are sensitive to asymmetries in the particle production mechanism [6, 7] which cannot be studied by two-particle correlations. In addition, the combination of two-and three-particle correlation analyses gives access to the degree of coherence of pion production [8, 9] , which is very difficult to investigate from two-particle correlations alone due to the effect of long-lived resonances on the correlation function. The DELPHI [10] and OPAL [11] collaborations have both studied three-particle correlations but did not investigate the degree of coherence.
The Data and Monte Carlo
The data used in this analysis were collected by the L3 detector [12] in 1994 at a centre-ofmass energy of 91.2 GeV and correspond to a total integrated luminosity of 48.1 pb −1 . The Monte Carlo (MC) event generators JETSET [13] and HERWIG [14] are used to simulate the signal process. Within JETSET, BEC are simulated using the BE 0 algorithm [15, 16] 1) . The generated events are passed through the L3 detector simulation program, which is based on the GEANT [17] and GHEISHA [18] programs, reconstructed and subjected to the same selection criteria as the data.
The event selection is identical to that presented in Reference 2, resulting in about one million hadronic Z decay events, with an average track multiplicity of about 12. Two additional cuts are performed in order to reduce the dependence of the detector correction on the MC model used: tracks with measured momentum greater than 1 GeV are rejected, as are pairs of like-sign tracks with opening angle below 3
• . This results in an average track multiplicity of about 7. For the computation of three-particle correlations, each possible triplet of like-sign tracks is used to compute the variable
is the absolute four-momentum difference between particles i and j. Since Q ij , and thus Q 3 , depends both on the energy of the particles and on the angle between them, small Q ij can be due to small angles or low energies. In a MC generator with BE effects, the fraction of pairs at small Q ij with small angle is larger than in one without. Consequently, the estimated detection efficiency depends on the MC model used. The momentum and opening angle cuts reduce this model dependence. After selection, the average triplet multiplicity is about 6. In the region of interest, Q 3 < 1 GeV, the loss of triplets by the momentum and opening angle cut is about 40%.
The momentum cut improves the resolution of Q 3 by a factor three with respect to that for the full momentum spectrum. Using MC events, its average is estimated to be 26 MeV for triplets of tracks with Q 3 < 0.8 GeV. We choose a bin size of 40 MeV, somewhat larger than this resolution.
In Figure 1 , the data are compared to JETSET (with and without BE effects) and HERWIG (not having a BE option) at the detector level, after performing all the cuts mentioned above, in the three-particle distributions δφ, δθ, and Q 3 . The sums run over the three pairs of like-sign tracks in the triplet and δφ and δθ are the absolute differences in azimuthal and polar angle between two tracks, respectively. Within 10%, the angular distributions of the MC models agree with those of the data. None of the models describes the Q 3 distribution: JETSET with BE effects overestimates the data by approximately 20% at low Q 3 , even though we found good agreement for δφ, δθ, and Q [2] . JETSET without BE effects and HERWIG grossly underestimate the data at low Q 3 . The statistics for Q 3 < 160 MeV are so poor, that this region is rejected from the analysis.
The Analysis
The three-particle number density ρ 3 (p 1 , p 2 , p 3 ) of particles with four-momenta p 1 , p 2 and p 3 can be described in terms of single-particle, two-particle and genuine three-particle densities as
where the sum is over the three possible permutations and C 3 is the third-order cumulant, which measures the genuine three-particle correlations. The ρ 1 ρ 2 terms contain all the two-particle correlations. In order to focus on the correlation due to BE interference, we replace products of single-particle densities by the corresponding two-or three-particle density, ρ 0 , which would occur in the absence of BEC, and define the correlation functions
Assuming the absence of two-particle correlations, i.e.,
The kinematical variable Q 3 is used to study three-particle correlations. For a three-pion system, Q 3 = M 2 123 − 9m 2 π , with M 123 the invariant mass of the pion triplet and m π the mass of the pion. In this Letter, ρ 3 is defined as
with N ev the number of selected events and n triplets the number of triplets of like-sign tracks, and ρ 2 is defined analoguously.
Assuming totally incoherent production of particles and a source density f (x) in space-time with no dependence on the four-momentum of the emitted particle, the BE correlation functions is related to the source density by [8, 19] 
where
However, this phase survives in the three-particle BE correlation functions, Equations (6) and (7). Assuming fully incoherent particle production, the phase φ ij can be non-zero only if the space-time distribution of the source is asymmetric and Q ij > 0. Defining
then for an incoherent source Equations (5) and (7) imply that ω = cos φ, where φ ≡ φ 12 + φ 23 + φ 31 . Furthermore, as Q ij → 0, then φ ij → 0, and hence ω → 1. For Q ij > 0, a deviation from unity can be caused by an asymmetry in the production. However, this will only result in a small (a few percent) reduction of ω [6, 7] , and this only in the case where the asymmetry occurs around the point of highest emissivity. It is important to emphasize that for (partially) coherent sources, ω can still be defined by Equation (8), but Equations (5-7) are no longer valid, in which case more complicated expressions are needed [7] , and one can no longer deduce that ω = cos φ or that ω → 1 as Q ij → 0. In at least one type of model, one can make the stronger statement that the limit ω = 1 at Q ij → 0 can only be reached if the source is fully incoherent [20] .
Determination of R 3 and R genuine 3
The reference sample, from which ρ 0 is determined, is formed by mixing particles from different data events in the following way. Firstly, 1000 events are rotated to a system with the z-axis along the thrust axis and are stored in a "pool". Then, tracks of each new event outside the pool are exchanged with tracks of the same charge from events in the pool having about the same (within about 20%) multiplicity, under the condition that all tracks originate from different events. Thus, after this procedure the new event consists of tracks originating from different events in the pool, and its original tracks have entered the pool. This updating process prevents any regularities in the reference sample. Finally, Q 3 is calculated for each triplet of like-sign tracks, resulting in the density ρ mix . This mixing procedure removes more correlations than just those of BE, e.g., those from energy-momentum conservation and from resonances. This effect is estimated using a MC model with no BE effects (JETSET or HERWIG) at generator level and using pions only. Thus, in the absence of BEC, the corrected three-particle density is given by
The density ρ 3 , measured in data, must be corrected for detector resolution, acceptance, efficiency and for particle misidentification. For this we use a multiplicative factor, C det , derived from MC studies. Since no hadrons are identified in the analysis, C det is given by the ratio of the three-pion correlation function found from MC events at generator level to the three-particle correlation function found using all particles after full detector simulation, reconstruction and selection. Combining this correction factor with Equations (2) and (9) results in
The genuine three-particle BE correlation function, R genuine 3
, is obtained via
where R 1,2 ≡ ( ρ 1 ρ 2 )/ρ 0 − 2 is the contribution due to two-particle correlations, as may be seen from Equations (1) and (2). The product of densities
is determined by a similar mixing procedure, as defined earlier, where two like-sign tracks from the same event are combined with one track having the same charge from another event with the same multiplicity. Finally, the variable Q 3 is calculated from these three tracks. This procedure is similar to that given in Reference 21. The ratio ( ρ 1 ρ 2 )/ρ 0 is also corrected for detector effects as ρ 3 /ρ mix .
In our analysis, we use JETSET without BEC and HERWIG to determine C mix and JETSET with and without BEC as well as HERWIG to determine C det . These six MC combinations serve to estimate systematic uncertainties. The corrections are largest at small Q 3 . At Q 3 = 0.16 GeV, these corrections to R 3 are C mix ≈ 5-30% and C det ≈ 20-30%, depending on which MC is used. These corrections for R 3 and R 1,2 are correlated and largely cancel in calculating R genuine 3
by Equation (11) . To correct the data for two-pion Coulomb repulsion in calculating ρ 2 , each pair of pions is weighted by the inverse Gamow factor [22] (12) and α is the fine-structure constant. It has been shown [23] that this Gamow factor is an approximation suitable for our purposes. For ρ 3 , the weight of each triplet is taken as the product of the weights of the three pairs within it. For ρ 2 ρ 1 we use the same weight but with G 2 (Q ij ) ≡ 1 when particles i and j come from different events. At the lowest Q 3 values under consideration, the Coulomb correction is approximately 10%, 3% and 2%, for ρ 3 , ρ 1 ρ 2 and ρ 2 , respectively.
Results
The measurements of R 3 , R 1,2 and R 2 are shown in Figure 2 . The full circles correspond to the averages of the data points obtained from the six possible MC combinations used to determine C mix and C det . The error bars, σ 1 , include both the statistical uncertainty and the systematic uncertainty of the MC modeling, which is taken as the r.m.s. of the values obtained using the different MC combinations. This dominant systematic uncertainty is, for Q 3 < 0.8 GeV, about a factor 5 to 7 larger than the statistical uncertainty and is correlated between the R 3 , R 1,2 and R 2 distributions of Figure 2 and between bins. Figure 2a shows the existence of three-particle correlations and from Figure 2b it is clear that about half is due to two-particle correlations. Figure 2c shows the two-particle correlations. As a check, R 3 , R 1,2 and R 2 are also computed for MC models without BEC, both HERWIG and JETSET, after detector simulation, reconstruction and selection. For the mixing and detector corrections all possible MC combinations, giving non-trivial results, are studied. The results of this check are shown in Figure 2 as open circles and, as expected, flat distributions around unity are observed. Figure 3a shows the genuine three-particle BE correlation function R genuine 3
. The data points show the existence of genuine three-particle BE correlations. The MC systematic uncertainty is highly correlated from bin to bin. At Q 3 < 0.8 GeV, it is about a factor 1.5 to 3.5 larger than the statistical uncertainty, the higher value corresponding to the lowest Q 3 value used. The open circles correspond to MC without BEC and form a flat distribution around unity, as expected.
Gaussian Parametrizations
A fit from Q 3 = 0.16 to 1.40 GeV using the covariance matrix including both the statistical uncertainty and the systematic uncertainty due to the MC modeling, σ 1 , is performed on the data points with the commonly used [8, 10, 11, 21] parametrization
whereγ is an overall normalization factor,λ measures the strength of the correlation,R is a measure for the effective source size in space-time and the term (1 +εQ 3 ) takes into account possible long-range momentum correlations. The form of this parametrization is a consequence of the assumptions that ω = 1 and that
ij /2), as would be expected for a Gaussian source density. The fit results are given in the first column of Table 1 and shown as the full line in Figure 3a .
In addition to the MC modeling, we investigate four other sources of systematic uncertainties on the fit parameters. Firstly, the influence of a different mixing sample is studied by removing the conditions that tracks are replaced by tracks with the same charge and coming from events with approximately the same multiplicity. For each of the six MC combinations, the difference in the fit results between the two mixing methods is taken as an estimate of the systematic uncertainty. The square root of the mean of the squares of these differences is assigned as the systematic uncertainty from this source. In the same way, systematic uncertainties related to track and event selection and to the choice of the fit range are evaluated. The analysis is repeated with stronger and weaker selection criteria, changing the number of events by about ±11% and the number of tracks by about ±12%. The fit range is varied by removing the first point of the fit and varying the end point by ±200 MeV. Finally, we study the influence of removing like-sign track pairs with small polar and azimuthal opening angles. The maximum deviation that is found by varying the cuts on these angles up to 6
• , is taken as the systematic uncertainty from this source. The total systematic uncertainty due to these four sources is obtained by adding the four uncertainties in quadrature. We refer to this systematic uncertainty as σ 2 . For all fit parameters, the largest part of the total uncertainty is due to the six possible combinations of mixing and detector MC corrections and amounts to 50 to 90%. Table 2 shows the uncertainties for each of the sources for the fit parameters of Equation (13) .
As a cross-check, the analysis is repeated without the momentum cut of 1 GeV and without the cut of 3
• on the opening angle of like-sign track pairs. The results agree with those given in Table 1 well within quoted uncertainties, but the systematic uncertainties are approximately twice as large.
To measure the ratio ω, we also need to determine the two-particle BE correlation function R 2 (Q). This is done in the same way as the three-particle BE correlation function. The correlation function R 2 is parametrized as a Gaussian:
The parametrization starts at Q = 0.08 GeV, consistent with the study of R 3 from Q 3 = 0.16 GeV. The fit results 2) are given in the first column of Table 3 and in Figure 2c . If the space-time structure of the pion source is Gaussian and the pion production mechanism is completely incoherent,λ andR as derived from the fit to Equation (13) measure the same correlation strength and effective source size as λ and R of Equation (14) . The values of λ and R are consistent withλ andR, as expected for fully incoherent production of pions (ω = 1).
Using the values of λ and R instead ofλ andR in Equation (13), which is justified if ω = 1, results in the dashed line in Figure 3a . It is only slightly different from the result of the fit to Equation (13) , indicating that ω is indeed near unity.
Another way to see how well R genuine 3
corresponds to a completely incoherent pion production interpretation and a Gaussian source density in space-time, is to compute ω with Equation (8), for each bin in Q 3 (from 0.16 to 0.80 GeV), using the measured R genuine 3
and R 2 derived from the parametrization of Equation (14) . The result is shown in Figure 4a . At low Q 3 , ω appears to be higher than unity.
Extended Gaussian Parametrizations
However, the assumption of a Gaussian source density is only an approximation, as observed in Reference 2 and confirmed by the χ 2 of the fit to Equation (14) . Deviations from a Gaussian can be studied by expanding in terms of derivatives of the Gaussian, which are related to Hermite polynomials. Taking only the lowest-order non-Gaussian term into account, this socalled Edgeworth expansion [25] replaces the parametrization of Equation (14) by
where κ measures the deviation from the Gaussian and H 3 (x) ≡ x 3 − 3x is the third-order Hermite polynomial. The fit results for the two-particle BE correlation function with this parametrization are given in the second column of Table 3 .
Using the first-order Edgeworth expansion of the Gaussian, Equation (15), and using Equation (8), assuming ω = 1, the parametrization of Equation (13) becomes
In the second line the approximation is made that Q ij = Q 3 /2. The effect of this approximation on R genuine 3
is small compared to the statistical uncertainty. The results of a fit to Equation (16) are given in the second column of Table 1 . The uncertainties are summarized in Table 2 .
2) Due to the use of a different fit range, these fit results differ from those found in Reference 24. The same fit range gives similar results.
For both R genuine 3
and R 2 , a better χ 2 /NDF is found using the Edgeworth expansion, and the values ofλ and λ are significantly higher, as shown in Tables 1 and 3 and in Figures 3b  and 2c . The values forλ andR are still consistent with the corresponding λ and R, as would be expected for a fully incoherent production mechanism of pions.
In Figure 3b , as in Figure 3a , we observe good agreement between the fit of R genuine 3 using the parametrization of Equation (16) and the prediction of a completely incoherent pion production mechanism, derived from parametrizing R 2 with Equation (15), over the full range of Q 3 . In Figure 4b , no deviation from unity is observed for the ratio ω. This indicates that the data agree with the assumption of fully incoherent pion production.
Fits to samples generated with JETSET with BE effects modelled by BE 0 or BE 32 3) [16] result in values ofR in agreement with the data but in significantly higher values ofλ. This confirms the observation in Figure 1f that the standard BE implementations of JETSET overestimate the genuine three-particle BEC.
Summary
Three-particle, as well as two-particle Bose-Einstein correlations of like-sign charged pions have been measured in hadronic Z decay. Genuine three-particle BE correlations are observed. The correlation functions are better parametrized by an Edgeworth expansion of a Gaussian than by a simple Gaussian. Combining the two-and three-particle correlations shows that the data are consistent with a fully incoherent production mechanism of pions. , using the parametrizations of Equations (13) and (16) . The first uncertainty corresponds to σ 1 , the second to σ 2 , defined in the text. Table 3 : Values of the fit parameters for the two-particle BE correlation function, R 2 , using the parametrizations of Equations (14) and (15) . The first uncertainty corresponds to σ 1 , the second to σ 2 . Figure 2 : (a) The three-particle BE correlation function, R 3 , from Equation (10), (b) the contribution of two-particle correlations, R 1,2 ≡ ( ρ 2 ρ 1 )/ρ 0 − 2, and (c) R 2 from Equation (5).
The full circles correspond to the data and the error bars to σ 1 (see text). The open circles correspond to the results from MC models without BEC. In (c) the dashed and full lines show the fits of Equations (14) and (15), respectively. , Equation (11) . The full circles correspond to the data and the error bars to σ 1 . The open circles correspond to results from MC models without BEC. In (a) the full line shows the fit of Equation (13), the dashed line the prediction of completely incoherent pion production and a Gaussian source density in space-time, derived from parametrizing R 2 with Equation (14) . In (b) Equations (16) and (15) are used, respectively. The ratio ω as a function of Q 3 assuming R 2 is described (a) by the Gaussian, Equation (14), and (b) by the first-order Edgeworth expansion of the Gaussian, Equation (15) . The error bars correspond to σ 1 . For completely incoherent production, ω = 1.
